A new four-parameter distribution, called the truncated Weibull power Lomax (TWPL) distribution is introduced. We calculate the density (pdf), distribution function (cdf), quantile function, r th moment, inequality measures, and order statistics. Maximum Likelihood methods to estimate the TWPL distribution parameters are proposed. Two real data sets are applied to illustrate the flexibility of the TWPL model compared with some Known distributions.
Introduction
The Power Lomax (PL) distribution is studied by Rady et al. [12] . The PL distribution is a generalization of Lomax (L) distribution. The cdf and pdf of the PL distribution are given, respectively, by where, γ is a scale parameter and α and β are shape and scale parameters, respectively. In the last years, many statisticians are interested to expand generating family in order to obtain better fit for data analyzing. Some known generating family are: The the beta-G by Eugene et al. [6] , Logistic-G introduced by Torabi and Montazeri [14] , exponentiated Weibull-G studied by Hassan and Elgarhy [9] , Kumaraswamy Weibull-G by Hassan and Elgarhy [8] , Garhy-G of Elgarhy et al. [5] , Type II half logistic-G by Hassan et al. [10] , Najarzadegan et al. [11] proposed a new truncated Weibull-G (TW-G), odd Fréchet-G proposed by Haq and Elgarhy [7] , Muth-G studied by Almarashi and Elgarhy [2] , and Elbatal et al. [4] proposed a new alpha power transformation family of distributions among others.
The cdf of TW-G family is given by
We are interested to make θ=1, then the equation (1.3) becomes
The corresponding pdf to (1.4) is
where A = (1 − e −1 ) −1 , λ is the shape parameter, and G(.) is cdf of any baseline distribution. The aim of this paper is to propose a new four parameter distribution based on the TW-G family. The TWPL model provides more flexible model. We wish that the TWPL model will attract wider applications in some areas.
The TWPL model with vector parameters ϕ, where ϕ = (α, β, γ, λ), by inserting (1.1) and (1.2) in (1.4) and (1.5) then, the cdf and pdf of TWPL are
The sf and the hrf are, respectively, given by
Figure 1 displays some plots of the pdf and hrf for the TWPL pdf for some different values of parameters.
As seen from Figure 1 , TWPL distribution can be uni-model, decreasing, and right skewed. In addition, the hrf of TWPL distribution can be J-shaped, decreasing, and increasing.
The rest of the paper can be organized as follows. In the next section, some mathematical properties of the TWPL distribution is studied. The maximum likelihood method is calculated to obtain the estimators of the parameters in Section 3. Application to a real data illustrating the performance of the new model is given in Section 4. Finally, Conclusions appear in the Section 5. 
Some statistical properties
This section calculates some statistical properties of TWPL model.
Quantile function
The quantile function of the TWPL can be generated by inverting cdf (1.6) as follows
Simulating the TWL random variable is straightforward. If U is a uniform variate in the unit interval (0, 1), then the random variable X = Q(u) follows (2.1).
Useful expansion
In this subsection expansions of the pdf for TWPL distribution are investigated. Using the power series for the exponential function, we obtain
By applying (2.2) in (1.7), then,
Using the generalized binomial theorem, for β > 0 and |z| < 1,
Then, by applying the binomial expansion (2.4) in (2.3), the pdf of TWPL distribution becomes
where η j = Aλ
Moments
In this subsection, we intend to derive the moments and the moment generating function of the TWPL model.
By definition, r th moment of r.v X can be achieved from
Inserting (2.5) in (2.6), then:
dx.
Again make the following transformation y = w 1−w , then
then the r th of TWPL becomes
The moment generating function (mgf) of the TWPL distribution is
η j t r r! B( r / β + 1, α(j + 1) − r / β ).
Order statistics
The density of the k th order statistic, for r = 1, . . . , n from independent and identically distributed random variables X 1 , X 2 , . . . , X n is given by
Inserting (1.6) and (1.7) in (2.7), then
Setting r = 1 and r = n, in (2.8), we obtain the pdf of the first and largest order statistics of the TWPL distribution.
Maximum likelihood estimators
The ML estimators of the unknown parameters for the TWPL distribution are determined based on complete samples. Let X 1 , . . . , X n be observed values from the TWPL model with set of parameters ϕ = (α, β, λ, γ) T . The total log-likelihood function for the vector of parameters ϕ can be expressed as ln L(ϕ) = n ln A − n ln γ + n ln β + n ln λ + n ln α + (β − 1)
The elements of the score function
and
The ML estimators of the model parameters are determined by solving numerically the non-linear equations ∂ ln /∂α = 0, ∂ ln /∂β = 0, ∂ ln /∂λ = 0, and ∂ ln /∂γ = 0, simultaneously.
Applications
In this section, we use two real data sets to explain the importance and flexibility of the TWPL model. We compare the fits of the TWPL model with some models namely: the gamma L (GL) (Cordeiro et al., [3] ), beta L (BL) (Eugene et al., [6] ), and exponentiated L (EL) (Abdul-Moniem and Abdel-Hameed, [1] ) distributions.
The maximized log-likelihood (− ), Akaike information criterion (AIC), the corrected Akaike information criterion (CAIC), Anderson-Darling (A * ), and Cramér-Von Mises (W * ) statistics are used for model selection.
Example 4.1. The first data set is obtained from Tahir et al. [13] For the first data set, Table 1 gives the MLEs of the fitted models and their standard errors (SEs) in parenthesis. The values of goodness-of-fit statistics are listed in Table 3 .
It is noted, from Table 2 , that the TWPL distribution provides a better fit than other competitive fitted models. It has the smallest values for goodness-of-fit statistics among all fitted models. Plots of the histogram, epdf, ecdf, esf and pp plot are shown in Figure 2 . This figure supported the conclusion drawn from the numerical values in Table 3 lists the MLEs of the fitted models and their SEs in parenthesis. The values of goodness-of-fit statistics are presented in Table 4 . It is observed, from Table 4 , that the TWPL distribution gives a better fit than other fitted models. Plots of the histogram, epdf, ecdf, esf, and pp plot are displayed in Figure 3 . 
Conclusions
In this paper, we introduce a new four-parameter distribution, called the TWPL distribution. We derive explicit expressions for the quantile, moments, generating functions, and order statistics. We discuss the maximum likelihood estimation of the model parameters. One application illustrate that the TWPL distribution provides consistently better fit than other models.
